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Abstract
Quantifying of quantum coherence of a given system not only plays an important role in quantum
information science but also promote our understanding on some basic problems, such as quantum
phase transition. Conventional quantum coherence measurements, such as l1-norm of coherence
and relative entropy of coherence, has been widely used to study quantum phase transition, which
usually are basis-dependent. The recent quantum version of the JensenCShannon divergence meet
all the requirements of a good coherence measure. It is not only a metric but also can be basis-
independent. Here, based on the quantum renormalization group method we propose an analysis
on the critical behavior of two types Ising systems when distribution of quantum coherence. We
directly obtain the trade-off relation, critical phenomena, singular behavior, and scaling behavior
for both quantum block spin system. Furthermore, the monogamy relation in the multipartite
system is also studied in detail. These new result expand the result that quantum coherence can
decompose into various contributions as well as enlarge the applications in using basis-independent
quantum coherence to reflect quantum critical phenomena.
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I. INTRODUCTION
Quantum coherence originating from quantum superposition is the distinguished feature
in quantum mechanics. Based on the framework of resource theory, Baumgratz et al. [1]
proposed that quantum coherence also can be viewed as one useful quantum resource like
entanglement, quantum discord, and so on. It is believed to provide advantages for a variety
of informational tasks such as nanoscale thermodynamics [2], quantum metrology [3], com-
putational task [4], quantum cryptography [5], even in quantum biology [6–9]. Quantum
coherence has attracted a great deal of attention as it plays an essential role in quantum
information processing tasks. Many remarkable efforts have been dedicated to study the
quantification of quantum coherence. For instance, the relative entropy of coherence [1],
the l1 norm of coherence [1], the Tsallis relative α entropies [10], the entanglement-based
measure of coherence [11], trace-norm distance [12], skew information [13], the convex roof
measure of coherence [14], and the robustness of coherence are fully investigated [15]. Among
them, one kind of measure named square root of the quantum Jensen-Shannon divergence
(QJSD) [16] attracted much attention. It is not only a well-defined measure but, also, it sat-
isfy the triangle inequality and symmetric. Radhakrishnan et al. [16] give the definition of
such quantum coherence, and then examine the distribution in multipartite systems. They
pointed out that multipartite coherence can decompose into local parts and intrinsic parts,
and there are trade-off relations between them.
In recent years, many researchers are devoted to investigate quantum phase transition
(QPT), i.e., the ground state of a many-body system will have abrupt changes at or near zero
temperature when one or more parameters are varied. Contrary to thermal phase transition,
QPT is driven purely by quantum fluctuations. The relation between QPT and quantum
coherence also has deserved extensive investigations. Karpat, et al. found that the single-
spin coherence can estimate the critical point in the anisotropic XY chain [17]. Malvezzi
et al. showed that single site coherence can successfully detect the Ising-like second order
phase transition in spin-1 Heisenberg chain [18]. Qin et al. proven that l1 norm coherence
can probe the QPT in the XXZ model under dynamics condition [19]. Apart from the above
study, the other related literature can be seen in Ref. [20–25]. Although some progress have
been made, it is, however, not known the role of multipartite coherence in detecting QPT
when it decomposed into local and intrinsic parts, nor to guarantee the scaling behavior
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of local coherence and intrinsic coherence when quantum renormalization group (QRG)
are introduced. The intrinsic connections between QPT and quantum coherence may need
further discussion under QRG.
In this paper, relating QRG method, we study an interesting question that how to use
QJSD and its distribution to reflect quantum critical phenomena in many-body system.
Renormalization group are a way to deal with problems involving multiple length scales.
It main purpose is to reduce the effective degrees of freedom of the system. Through an
iterative procedure a mathematically manageable situation is reached eventually. QRG is
divided to two steps. The first step is the kadanoff’s transformation and the second steps
rescales the size of the system. The major purpose in this study is to investigate the intrinsic
connections between QPT and quantum coherence. This will give two perspectives on (i)
how QJSD and its distribution evolves as the size of the system becomes large and (ii) the
connects of the nonanalytic behavior of QJSD to the critical phenomenon of the system
[26]. Based on the tranverse field Ising model, we present some results for above problems.
The non-analytic property and scaling behavior is investigated too. Furthermore, we also
discuss the effect of Dzyaloshinskii-Moriya (DM) interaction on the distribution of quantum
coherence. The DM interaction arising from the spin-orbit coupling can influence the phase
transition and the critical behavior of many models [27].
This paper is organized as follows. In the next section, we will introduce the concepts
of total, local and collective quantum coherence. In Sec. III, the one-dimensional Ising
model and the distribution of quantum coherence at critical point are given. In Sec. IV,
the distribution of quantum coherence in one-dimensional Ising model with DM interaction
near the critical point are presented and the monogamy relation are given. The last section
is a summary of our study.
II. BASIS-INDEPENDENT OF TOTAL, LOCAL, AND COLLECTIVE QUAN-
TUM COHERENCE
In 2014, Baumgratz et al. [1] first proposed two kinds of quantum coherence measures that
is l1-norm of coherence and relative entropy of coherence. But different with entanglement
or quantum discord, both methods are basis-dependent. So there are some confusion on this
issue. In 2019, Radhakrishnan et al. [28] introduced a basis-independent measure named
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QJSD to overcome the difficulties. For two quantum states ρ and ̺ ∈ B(H+1 ), the QJSD is
defined as
T (ρ, ̺) = 1
2
[S(ρ‖ρ+ ̺
2
) + S(̺‖ρ+ ̺
2
)] = S(
ρ+ ̺
2
)− S(ρ) + S(̺)
2
. (1)
where S(θ) = −Tr(θ log θ) is the von-Neumann entropy. The QJSD measures the distance
of two states, but it does not obey the triangle inequality and therefore is not a metric.
However, the square root of QJSD
C(ρ, ̺) =
√
T (ρ, ̺). (2)
not only meet all the requirements of a good quantum coherence measure needs but also is
a metric. We here use its as the total quantum coherence. In Ref. [28] the authors attribute
the total coherence to two different contributions that is local coherence and collective
coherence,
C ≤ Cl + Cc. (3)
The local coherence Cl is the coherence contained in each subsystem of a quantum state,
the basis-independent local coherence is defined by
Cl(ρ) ≡ D(πmin, ρI) =
√
S(
πρ + I/d
2
)− S(πρ) + log2 d
2
. (4)
where πmin = πρ = ρ1
⊗
ρ2
⊗ · · · ρN , ρi is the reduced density matrix for the ith subsystem,
I is the identity matrix in a d dimensional Hilbert space.
The collective coherence comes from the collective participation of several subsystems
and defined as
Cc(ρ) =
√
S(
ρ+ πρ
2
)− S(ρ) + S(πρ)
2
. (5)
where πρ are identical with eq. (4).
III. DISTRIBUTION OF QUANTUM COHERENCE IN THE TRANVERSE-
FIELD ISING MODEL
A. Renormalization of tranverse-field Ising model
The Hamiltonian of a one-dimensional tranverse-field Ising model reads [26, 29, 30]
H = −J
N∑
i=1
(σzi σ
z
i+1 + gσ
x
i ), (6)
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where J is the exchange interaction, στ (τ = x, z) is standard Pauli operators at site i, g
represents the transverse field. We select two-site as one block. Such two-site blocks can be
viewed as one-site in the renormalized subspace.
FIG. 1: (Color online) A schematic description of QRG for two-site as one block.
After separating the whole systems into two-site blocks, the Hamiltonian can be divided
as block Hamiltonian HB and interacting Hamiltonian HBB respectively,
HB = −J
N/2∑
I=1
(σz1,Iσ
z
2,I + gσ
x
1,I), (7)
HBB = −J
N/2∑
I=1
(σz2,Iσ
z
1,I+1 + gσ
x
2,I), (8)
The two degenerate ground state of the corresponding I-th block are
|ψ0〉 = α|00〉+ β|11〉,
|ψ1〉 = α|01〉+ β|10〉,
(9)
where α = s/
√
s2 + 1, β = 1/
√
s2 + 1, and s =
√
g2 + 1 + g. In order to get the critical
properties of the system at absolute zero, we eliminate the excited state by integral and
only retain the ground state parts. The projection operator are built for this aim. The
relations between the original Hamiltonian and the effective Hamiltonian is associated by
the projection operator, which is constructed by two lowest eigenstates
T =
N/2∏
i=1
TL =
N/2∏
i=1
(| ⇑〉L〈ψ|+ | ⇓〉L〈ψ|), (10)
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where 〈⇑ |, 〈⇓ | are renamed states of each block to represent the effective site degrees of
freedom. |ψ〉 is the ground state |ψ〉0 or |ψ〉1 . The effective Hamiltonian is defined by
Heff = T
†HT = H0eff +H
1
eff = T
†HBT + T †HBBT. (11)
The form of effective Hamiltonian are similar to the original Hamiltonian,
Heff = −J ′
N/2∑
I=1
(σzIσ
z
I+1 + g
′σxI ), (12)
where the renormalized couplings are
J ′ = J
2(
√
g2 + 1 + g)
1 + (
√
g2 + 1 + g)2
, g′ = g2. (13)
Following above renormalization equation, the critical point gc can be derived by solving
g′ = g2. After some algebra, we can get the nontrivial fixed point gc = 1. When g > 1, the
system is in the paramagnetic phase. When 0 < g < 1, the system is in the long-ranged
ordered Ising phase.
The ground state density matrix is given by
ρ = |ψ0〉〈ψ0| =


β2 0 0 αβ
0 0 0 0
0 0 0 0
αβ 0 0 α2


(14)
where α and β are identical with above results.
B. The critical behavior of quantum coherence
Now we investigate the quantum coherence in the two-site tranverse-field Ising systems.
We numerically study the dependence of total quantum coherence C, collective coherence
Cc and local coherence Cl of the model on the magnetic field g in Fig. 2. The total quantum
coherence can be decomposed of the collective coherence between the two block spin, and
the local coherence in each block spin. With the parameters g changes, there are trade-off
relations between the two kinds different coherence contributions. This proves that such
trade-off relation also can exist in the quantum block state.
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FIG. 2: Total coherence C, local coherence Cl, and collective coherence Cc of tranverse-field Ising
systems as the function of g.
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FIG. 3: Collective coherence Cc and local coherence Cl of tranverse-field Ising systems as the
function of g at different QRG iteration steps.
The capable of the local and collective quantum coherence in the ITF model in detecting
the second-order QPT is displayed in Fig. 3. The local and collective quantum coherence
will develop two different saturated values: Cc = 0.7408 for 0 ≤ g < 1 and Cc = 0 for g > 1,
while Cl = 0 for 0 ≤ g < 1 and Cc = 0.7408 for g > 1. This result reconfirmed the trade-off
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relationship in the block state. In Fig. 3, the quantum critical point is captured by iterative
renormalization steps which manifests that the local and collective quantum coherence can
be adopted as an indicator of QPT.
C. Non-analytic behavior and scaling behavior
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FIG. 4: The first derivative of collective coherence Cc and local coherence Cl of tranverse-field
Ising systems as the function of g at different QRG iteration steps.
In Fig. 4, we show the first derivative of collective coherence Cc and local coherence Cl
as a function of g. The collective coherence and local coherence divergence as iterative
steps increases, which verify that the second-order QPT [32] happened at the gc = 1 point.
The scaling behavior of the logarithm of collective coherence ln |dCc/dg| and local coherence
ln |dCl/dg| versus the system size ln(N) are given in Fig.5. The collective coherence and
local coherence all show scaling behavior when they near the quantum critical point. The
scaling law for a finite-size is |dCc/dg|min ∼ N and |dCl/dg|max ∼ N . The quantum critical
exponents θ are correlated with the correlation length exponent ν. The scaling law in Fig.
5 shows θ = 1, which is equal with the exact result.
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FIG. 5: The scaling behavior of ln |dCc/dg| and ln |dCl/dg| in terms of system size ln(N).
IV. DISTRIBUTION OF QUANTUM COHERENCE IN THE ISING MODEL
WITH DZYALOSHINSKII-MORIYA INTERACTION
The one-dimensional Ising model with DM interaction in the z direction is described by
the Hamiltonian [31]
H =
J
4
[
N∑
i=1
σzi σ
z
i+1 +D(σ
x
i σ
y
i+1 − σyi σxi+1)], (15)
where J denotes the exchange interaction, D represents the DM interaction, and σ is the
usual Pauli operators.
A three-site block procedure have considered in this model, defined in Fig. 6. According
to the renormalization group method, the Hamiltonian can decompose into interblock HBB
Hamiltonian
HB =
J
4
N/3∑
I=1
[σz1,Iσ
z
2,I + σ
z
2,Iσ
z
3,I +D(σ
x
1,Iσ
y
2,I − σy1,Iσx2,I + σx2,Iσy3,I − σy2,Iσx3,I)], (16)
and intrablock HB Hamiltonian
HBB =
J
4
N/3∑
I=1
[σz3,Iσ
z
1,I+1 +D(σ
x
3,Iσ
y
1,I+1 − σy3,Iσx1,I+1)], (17)
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where στj,I represents the τ component of the classical Pauli matrix at site j of the block
labeled by I.
The two degenerate ground state of the corresponding I-th block are
|ϕ0〉 = 1√
2q(1 + q)
[2D|100〉+ i(1 + q)|010〉 − 2D|001〉],
|ϕ′0〉 =
1√
2q(1 + q)
[2D|110〉+ i(1 + q)|101〉 − 2D|011〉],
(18)
where q = 1/
√
1 + 8D2. The two lowest eigenstates can used to construct projection operator
P =
N/3∏
i=1
PL =
N/3∏
i=1
(| ⇑〉L〈ϕ|+ | ⇓〉L〈ϕ|), (19)
where 〈⇑ |, 〈⇓ | are renamed states of each block to represent the effective site degrees of
freedom. |ϕ〉 is the ground state |ϕ〉0 or |ϕ〉1. So using above method, we could get the
effective Hamiltonian for this model.
Heff = P
†HP = H0eff +H
1
eff = P
†HBP +P †HBBP =
J ′
4
[
N/3∑
i=1
σzi σ
z
i+1+D
′(σxi σ
y
i+1−σyi σxi+1)].
(20)
where
J ′ = J(
1 + q
2q
)2, D′ =
16D3
(1 + q)2
. (21)
FIG. 6: (Color online) A schematic description of QRG for three-site as one block.
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FIG. 7: Total coherence C, local coherence Cl, and collective coherence Cc of Ising model with
DM interaction as the function of D.
A. The critical behavior of quantum coherence
In Fig. 7, we show the dependence of quantum coherence of Ising chain with DM inter-
action. The computational values of Cc, Cl, and C also observe trade-off relation. These
results prove the effectiveness that quantum coherence can be decomposed into various con-
tributions.
In Fig. 8, the results of collective coherence Cc and local coherence Cl after n-th QRG
steps is depicted as a function of DM interaction. All curves cross at the critical point
Dc = 1. The collective coherence Cc and local coherence Cl develops its saturated values
in both sides of the critical point. By increasing the size of the model, i.e. after QRG
iterations, the collective coherence Cc switches suddenly from zero for D < 1 to 0.806 for
D > 1, while local coherence Cl changes suddenly from 0.846 for D < 1 to 0.3105 for D > 1.
B. Non-analytic behavior and scaling behavior
In order to get more details about the quantum critical behaviour of Ising chain with DM
interaction, we investigate the variation of the first derivative of dCc/dD and dCl/dD as a
function of DM interaction, as is shown in Fig. 9. From the figure, we can find that there is
a sharp peak for each QRG step with position D that tends to Dc = 1. The first derivative
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FIG. 8: Collective coherence Cc and local coherence Cl of Ising model with DM interaction as the
function of D at different QRG iteration steps.
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FIG. 9: The first derivative of collective coherence Cc and local coherence Cl of Ising model with
DM interaction as the function of D at different QRG iteration steps.
of the collective coherence Cc and local coherence Cl diverges near the critical point as the
size of the model becomes larger. From the figure, it is noted that the singular property of
the quantum coherence becomes more pronounced at the thermodynamic limit [32].
Accordingly, the positions of the maximum and the minimum of dC/dD with the scale
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FIG. 10: The scaling behavior of ln |dCc/dD| and ln |dCl/dD| in terms of system size ln(N).
of the model increasing are given in Fig. 10. It can be found that they both show a linear
behavior in the system. The scaling law for this behavior is |dCc/dD|min ∼ N0.46 and
|dCl/dD|max ∼ N0.46. These properties justify that θ is the reciprocal of the correlation
length exponent ν near the critical point, i.e., θ = 1/ν [27].
C. Monogamy of quantum coherence
We have seen that quantum coherence can decompose into collective and local parts.
Furthermore, it was recognized that a tripartite system ρ123 also can decompose in a bipartite
fashion [16]
C123 < C1 + C2 + C3 + C2:3 + C1:23. (22)
It is naturally arrive the concept of monogamy of quantum coherence. In a tripartite
system, sharing quantum cherence between several parties is restricted by the monogamy
relation.
M =
N∑
n=2
C1:n − C1:2,...,N . (23)
which is polygamous for M > 0 as the dominant quantum coherence is distributed in a
bipartite coherence. For M ≤ 0, it obey monogamous due to the multi-body coherence that
is essential.
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FIG. 11: The monogmay relation of Ising model with DM interaction as the function of D.
Now we discuss the behavior of monogamy coherence with the increase of DM interaction.
In Fig. 11 we calculate Eq. (23) for the Ising model with DM interaction. The bipartite
coherence of ρ1:2, ρ1:3, ρ2:3, and tripartite coherence of ρ1:2:3 are shown in the figure. We find
that M > 0 for all the DM interaction D, hence, the system is strictly polygamous in this
case.
V. CONCLUSION
In summary, we have use a coherence measure with metric nature to detect quantum
phase transition by implementation QRG method. This approach allows us to capture and
explicitly derive the quantum critical point of block spin systems. We get the coherence
behavior of a large scale systems by dealing with a small block which enable it possible to
get accurate results. We find that the local coherence and collective coherence, decomposed
from multipartite coherence, both can detect quantum critical point. In order to study the
critical behavior of the Ising model, the evolution of both local coherence and collective
coherence through the renormalization of the system were investigated. The first derivative
of the two measures shows a diverging behavior as the scale of the system becomes large.
Furthermore, the divergence of coherence are accompanied by some scaling behavior at
the quantum critical point. As the coherence will decompose into different parts, we can
14
therefore study the multipartite monogamy relation in the system, and, hence, giving another
way of understanding the nature of many-body coherence.
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